Agate bandwidths are analyzed and shown to consist of spatial chirps. It is shown that (a) bands are created by following an equal volume mode and (b) the spatial chirps are approximately spherical and concentrated at different "disturbance" locations in the individual agate sectors. Results indicate that the sequence of formation started with banding under a nonlinear process in a gel matrix and were secondarily deformed by external forces.
Introduction
Agates are beautiful and fascinating rocks found all around the world (see recent papers [1] [2] [3] [4] ). They are used as gems for their intricate colored patterns and as grinding materials for their hardness. Their diagenesis [5] remains enigmatic in spite of many studies over several decades.
The main feature of cut agates are the bands. These appear stacked one after the other, mostly-but not always-in parallel to the outside surface, and sometimes exhibiting different colors due, in part, to embedded impurities of diverse substances. In a previous publication [5] it was shown that these bands must develop during the sol-gel transition in geode genesis. However, their exact shape, especially their widths and how these widths change along the generation direction, have not been elucidated until now.
In this paper, we present our analysis of agate bandwidths and describe their inherent profile.
Materials and Methods

Materials
Slices of eight unpolished white-striped agate were obtained from Madagascar, along with three from Botswana and two from Australia. These agates were photographed in daylight with a Canon D5 Mark 2 full frame 21-megapixel camera. Then, 28 representative sequences of bands were chosen on these agates ( Figure 1 ) and marked with a straight pencil line. The length of each sequence was measured with a ruler and stereomicroscope. The images were entered into FIJI image processing software [6] and converted to gray scale. The thin line is the line drawn as close to 90° to the bands as possible (hence not exactly parallel to the pencil line). The black graph above this line is the superimposed graph of the pixel values. As can be seen, it is also an accurate representation of the bands widths.
Using the "Line" tool, a grey line was added to the photograph and used to enable the software to set the scale of the picture. A second (thin line) was drawn as close to perpendicular to the bands as possible. Using the "Analyze" plug-in, a plot profile of the pixel values was made and exported to Excel. Thus, a measure of the variation of pixel values was obtained, which accurately mirrored the variations along the bands, including their widths ( Figure 2 ). These pixel values were plotted against their distance, L, from the start of the line. The gradients of the graph were obtained by subtracting sequential "p" values, wherein gradient values of zero represented the minima and maxima of the graph. Thus, the distance between the maxima characterized the band widths. 
Analysis
In signal analysis, the "frequency" characterizes the number of bands per unit length and its inverse is the bandwidth. The thin line is the line drawn as close to 90 • to the bands as possible (hence not exactly parallel to the pencil line). The black graph above this line is the superimposed graph of the pixel values. As can be seen, it is also an accurate representation of the bands widths.
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Bandwidth is not constant throughout the agate, but rather changes with progress. These changes are not even. Moving from left to right (outside-inwards) in Figure 3 , firstly, there are rapid changes with position, which probably correspond to sudden changes during the agate formation process. Following that, the change becomes continuous, i.e., the frequency decreases towards a "center" direction ( Figure 3 ). This latter change type is observed in different samples. Details of these changes can give useful information relating to the formation of the agate (see discussion).
Bandwidth is not constant throughout the agate, but rather changes with progress. These changes are not even. Moving from left to right (outside-inwards) in Figure 3 , firstly, there are rapid changes with position, which probably correspond to sudden changes during the agate formation process. Following that, the change becomes continuous, i.e., the frequency decreases towards a "center" direction ( Figure 3 ). This latter change type is observed in different samples. Details of these changes can give useful information relating to the formation of the agate (see discussion). Signals of varying temporal frequency appear in radar measurements [7, 8] . Such signals are called chirps and have been thoroughly studied in order to analyze signals obtained from moving targets [7] . The mathematical form of the signal's frequency variation can be different: linear, polynomial, exponential, etc. [7, 8] . The Fourier frequency spectra for simple forms of the temporal frequency changes, e.g., a linear increase/decrease of frequency, are given in Reference [9] .
A convenient method to obtain the spectrum is the fast Fourier transform (FFT). Here, it was carried out using MATLAB programming. In order to gain an understanding of these spectra, we measured surrogate temporal sinusoidal chirps. These chirps had a temporal frequency (TF) that changed with time between similar values to the spatial agate chirps (from 20 Hz to 16 Hz, a 20% decrease) in different ways: (a) linear, (b) quadratic, (c) 1.5 power and (d) square-root for pulses of short durations as encountered for our measurements (not shown). For chirp spectra and Fournier analysis, the reader is referred to the excellent article by Flandrin [10] . The spectral form is sensitive to the chirp type and duration.
Carrying out the agates' spatial frequency (SF) changes, similar shapes to the TF were obtained. In Figure 4a , an example of such spatial profiles is shown, taken from the data for Madagascar agate No. 12B. It looks very much like a saw-tooth pattern. Now, suppose that the color intensity changes sinusoidally in the form: sin[ 2 ( + )], which would be the first term in a Fourier series of the pattern. Note that the first term in the Fourier series of any repeating wave (including a saw-tooth), besides giving the best first approximation to the form, also provides the main frequency spectrum of it.
In Figure 4b , the Fourier transform for the profile shown in Figure 4a is depicted. Similarity with the second power change for quadratic chirp (b) is apparent. Signals of varying temporal frequency appear in radar measurements [7, 8] . Such signals are called chirps and have been thoroughly studied in order to analyze signals obtained from moving targets [7] . The mathematical form of the signal's frequency variation can be different: linear, polynomial, exponential, etc. [7, 8] . The Fourier frequency spectra for simple forms of the temporal frequency changes, e.g., a linear increase/decrease of frequency, are given in Reference [9] .
Carrying out the agates' spatial frequency (SF) changes, similar shapes to the TF were obtained. In Figure 4a , an example of such spatial profiles is shown, taken from the data for Madagascar agate No. 12B. It looks very much like a saw-tooth pattern. Now, suppose that the color intensity changes sinusoidally in the form: sin[2π f i (x i + d)], which would be the first term in a Fourier series of the pattern. Note that the first term in the Fourier series of any repeating wave (including a saw-tooth), besides giving the best first approximation to the form, also provides the main frequency spectrum of it.
In Figure 4b , the Fourier transform for the profile shown in Figure 4a is depicted. Similarity with the second power change for quadratic chirp (b) is apparent. In order to investigate the exact changes of the bands' widths, instead of using the whole "sinusoidal" shape, only maxima coordinates, xi, were considered.
Although not proven, it would appear that agates are formed from a precursor sol/gel of silica [5, [11] [12] [13] [14] . We assumed that the bands developed in the globular shape manner by adding approximately spherical shaped layers of equal volume one on top of the other around different center locations within the agates. This assumption will be shown later (by an analysis of the measurements) to be valid.
The volume, V, of a spherical band of width b at a distance r from the sphere center is:
According to Newton's binomial equation:
If ≪ , then
And: ≅ 4 2 For equal bands volumes,
Here, is the average radius of the band (with respect to the specific center) and is the widths of the bands along the radius (see Figure 5 ). Hence, = /4 2 (5) In order to investigate the exact changes of the bands' widths, instead of using the whole "sinusoidal" shape, only maxima coordinates, x i , were considered.
And: V 4πr 2 b. For equal bands volumes,
Here, r i is the average radius of the band (with respect to the specific center) and b i is the widths of the bands along the radius (see Figure 5 ). Hence,
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However, we do not measure the b i directly but only the "widths" a i on the agate's cut surfaces. For large r values: Therefore, to a first approximation,
where f i is the spatial frequency. Again, we measure the "radii", x i , from a certain location on the cut surface. Therefore,
where d can be either positive or negative, depending on the chosen center location (see Figure 5) .
where C = 4π sin α/V and f 0 = CH 2 , the initial frequency, C, f 0 , and d, are constants for a specific case.
As stated above, the results, shown in Figure 4 , resemble a repeating saw-tooth pattern. Approximating them in the form, the wave maxima are therefore given by:
Results
We fitted 28 measured samples to this frequency expression by a least square method. An example of a fitting to this relation is shown in Figure 6 , with the obtained fitting parameters. The results of the fitting for different samples are given in Table 1 . Importantly, an R-squared value for all the fitted samples is seen to be larger than 0.97.
Our fitting results gave values for the former f 0 between 1 mm −1 and 5.3 mm −1 (average and standard deviation were 2.66 mm −1 and 1.96 mm −1 , respectively).
Since f is the spatial frequency, 1/f is the layer thickness, which ranged between 0.19 mm and 1.00 mm, with an average and standard deviation of 0.44 mm and 0.41 mm, respectively.
The fitted values of the frequency change speed (C) were small, ranging between 0.001 mm −2 and 0.86 mm −2 , with an average and standard deviation of 0.076 mm −2 and 0.16 mm −2 , respectively. This shows that the changes in layer thickness are not drastic, but rather slow. The values of d, the initial points relative to the agate center from which we began to measure "radii", ranged between 0.043 and 1.39 mm, with an average and standard deviation of 0.44 mm and 0.58 mm, respectively. This shows that the bands do not seem to be concentrated around the geometric centers of the agates, but rather around pseudo-centers, which can be points of disturbance (see below). 
Our fitting results gave values for the former f0 between 1 mm −1 and 5.3 mm −1 (average and standard deviation were 2.66 mm −1 and 1.96 mm −1 , respectively).
The fitted values of the frequency change speed (C) were small, ranging between 0.001mm −2 and 0.86 mm −2 , with an average and standard deviation of 0.076 mm −2 and 0.16 mm −2 , respectively. This shows that the changes in layer thickness are not drastic, but rather slow. The values of d, the initial points relative to the agate center from which we began to measure "radii", ranged between 0.043 and 1.39 mm, with an average and standard deviation of 0.44 mm and 0.58 mm, respectively. This shows that the bands do not seem to be concentrated around the geometric centers of the agates, but rather around pseudo-centers, which can be points of disturbance (see below). 
Discussion
The measure of fit between a formula and a set of measured results is given by R 2 . The closer R 2 is to 1.0, the better the fit. In our case, the fit was excellent (R 2 > 0.995 for all agates), indicating the formulas were in exceptional agreement with the measurements. The closeness of R 2 to 1 thereby confirms the assumption of an equal volume hypothesis of the agate band formation. We studied volcanic agate geodes from three different locations and the results were in agreement. Whether other forms (e.g., sedimentary, vein agates) follow the same rules is not possible to say and further analysis of these types of agate is necessary.
The appearance of agate bands is definitely due to a nonlinear reaction-diffusion-advection system, somewhat similar to the Belousov-Zhabotinsky (see, for example, References [15] and [16] ) 
The appearance of agate bands is definitely due to a nonlinear reaction-diffusion-advection system, somewhat similar to the Belousov-Zhabotinsky (see, for example, References [15, 16] ) and Liesegang (see, for example, References [17, 18] ) phenomena. Since the exact materials participating in the reaction and the reaction and diffusion constants are unknown, a rigorous mathematical simulation is unattainable. Note that, in the Belousov-Zhabotinsky situation, equal volume bands appear in a test tube and, in the agate case, the chirp (equal volume bands) results from the spherical geometry involved.
The question arises of how the banding developed from both a temporal and spatial aspect. The data indicates (and see also Reference [5] ) that the initiation process took place either from outside inwards or from inside progressing outwards at a single point in time and all the bands were formed fairly rapidly. Later, whilst still in the gel condition, external forces deformed the bands into the sectors seen in the agates, creating disturbance points. In a later period, this gel solidified, freezing the patterns in situ. After distortion of the gel spheres by secondary forces, the present state of the agate samples do not consist of whole perfect spherical bands; nevertheless, sufficient portions of these remain, allowing the equal volume assumption (as vindicated by the almost perfect correlation for all measurements, R 2 > 0.995, shown in Table 1 ). 
Conclusions
The beauty of agates has been appreciated since Roman times for their colored banded structure. Perhaps one reason for this is an almost unconscious feeling that the bands have an order to them and are not simply a chaotic arrangement. However, analysis of this "order" and its mathematical description has remained elusive. In this work we have, for the first time, analyzed this structure and shown that, under a very simple assumption-that of a constant volume for each-the nature of the bands' widths can be fully described. As Agates cannot be made in the laboratory, their mechanism of formation is unknown. Most previous hypotheses simply do not fit the observations or ignore them.
Thus, a working hypothesis of the distribution/width of the bands is an important factor in elucidation of the actual diagenesis of these special and exquisite rock formations.
In the future, we plan to use a reaction-diffusion-advection differential system to model band development both in agates and in our sol-gel experiments. 
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